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It is proved that for balanced incomplete block designs with blocks having 
five elements each (/c = 5) the known necessary existence condition is also 
sufficient, with the exception of the non-existing design h = 2, o = 15. 
1. INTRODUCTION 
DEFINITION 1. A balanced incomplete block design (BIBD) B[k, h; u] is 
an arrangement of Y distinct element into blocks having k elements each 
such that each pair of elements occurs together in exactly h blocks. 
A well-known [6] theorem states 
THEOREM 1. A nece.ssary conditionfor the existence of a BIBD B[k, h; u] 
is that 
h(v - 1) = 0 (mod(k - 1)) and Xu(u - 1) = 0 (mod k (k - 1)) 
0) 
Proof. A(v - l)/(k - 1) is the number of blocks in which any given 
element occurs and Xv(u - l)/(k(k - 1)) is the total number of blocks. 
The condition (i) is generally not sufficient for the existence of a BIBD 
(see, e.g., [2,4]). However, it has been proved by the author [8,9] that the 
condition (i) is sufficient for k = 3 and 4 (and every h) and also for k = 5 
and h = 1,4 and 20. It will be proved in this paper that the condition (i) 
is sufficient for k = 5 and every h with the exception of the BIBD 
B[5,2; 151, which is known not to exist [5, 71. 
* The work of this paper was done at the City University of New York, partially 
supported by the Office of Naval Research. 
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2. COMBINATORIAL DESIGNS 
DEFINITION 2. Let K = {k, : i = 1,2,..., d) be a finite set of positive 
integers. A pairwise balanced design B[K, h; u] is an arrangement of v 
distinct elements into blocks having ki E K elements each such that each 
pair of elements occurs together in exactly h blocks. 
A pairwise balanced design B[K, A; a], where K = {k} consists of one 
integer is a BIBD, B[k, X; u]. 
The set of integers ZJ, for which pairwise balanced designs B[K, A; v] exist, 
will be denoted by B(K, X) and similarly the set of integers V, for which 
BIBD’s B[k, X; V] exist, will be denoted by B(k, A). 
The basic properties of the pairwise balanced designs are given in the 
following lemmas, which are evident: 
LEMMA 1. For every ki E K, ki E B(K, 1) holds. 
LEMMA 2. If K’ C K, then B(K’, h) C B(K, A). 
LEMMA 3. I f  h’ divides h, then B(K, X,) C B(K, A). 
LEMMA 4. If v E B(K’, h’) and iffor every k(’ E K’, ki E B(K, h”) holds, 
then u E B(K, h), where A = Xh”. 
The following special case of Lemma 4 will be useful. 
LEMMA 5. I f  v E B(K, 1) and iffor every ki E K, ki E B(k, h) holds, then 
v E B(k, A). 
DEFINITION 3. Let E be a set of v = mn elements ordered in n groups 
having m elements each. A group divisible design GD[k, h, m; u] 
(u = O(mod m), u 2 mk) is an arrangement of the elements of E in blocks 
having k elements each and such that each block intersects every group 
in at most one element and that every pair of elements of distinct groups 
occurs in exactly X blocks. 
The set of integers v for which group divisible designs GD[k, A, m; v] 
exist will be denoted by GD(k, A, m). 
The properties of the group divisible designs are given in the following 
lemmas: 
LEMMA 6. Ifh’ divides X, then GD(k, X, m) C GD(k, h, m). 
LEMMA 7. If v E GD(k, A, m) holds, then v E B({k, m}, X). 
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Proof. Take the groups of GD[k, h, m; a] as additional blocks, h times 
each. 
LEMMA 8. If v E GD(k, h, m) hoZds, then v + 1 E B({k, m + l}, h). 
Proof, Add an element (co) to the set E on which the group divisible 
design GD[k, h, m; v] is formed. Further, in addition to the blocks of 
GD[k, X, m; U] form blocks, each consisting of one of the groups with the 
element (co) adjoined, and take them h times each. 
Putting in Lemma 7 and Lemma 8, m equal k and k - 1, respectively, 
we obtain the special results which are most useful: 
LEMMA 9. If kn E GD(k, X, k) holds, then kn E B(k, A). 
LEMMA 10. If (k - I)n E GD(k, X, k - 1) holds, then 
(k - 1)n + 1 E B(k, A). 
In the case h = 1 we have the stronger result: 
LEMMA 11. (k - 1)n E GD(k, 1, k - 1) holds if and only if 
(k - 1)n + 1 E B(k, 1). 
Proof. In one direction the lemma is equivalent to Lemma 10. In order 
to prove that from (k - 1)n + 1 E B(k, 1) follows 
(k - 1)n E GD(k, 1, k - I), 
consider any of the (k - 1)n + 1 elements and denote it by (co). Form 
all the blocks of B[k, 1; (k - I)n + I] containing the element (co), delete 
this element and consider the truncated blocks as groups. The remaining 
blocks of B[k, 1; (k - I)n + I] form a group divisibte design 
GD[k, 1, k - 1; (k - I)n]. 
Let us assume in Lemma 8 that m + 1 E B(k, X). In this case instead of 
taking each of the blocks having m + 1 elements h times we take the 
blocks of B[k, X; m + l] and get: 
LEMMA 12. If v E GD(k, h, m) holds and if m + 1 E B(k, A), then 
v + 1 E B(k, A). 
Further we prove: 
LEMMA 13. If n E B(K, A’) and iffor every ki E K, mk, E GD(k, h”, m) 
holds, then mn E GD(k, A, m), where h = X’h”. 
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Proof. Let a set E of n groups, having m elements each, be given. On 
the set E form a pairwise balanced design B[K, A’; n]. Each block b of 
this design has ki E K groups as elements. Form on these groups a group 
divisible design GD[k, A”, m; mkJ. Performing this for all blocks of 
B[K, A’; n] and taking all the blocks of the designs GD[k, A”, m; mkJ, 
the group divisible design GD[k, A, m; mn] is obtained. 
LEMMA 14. Ifn E B(K, A) and iffr every ki E K, (k - l)ki + 1 E B(k, 1) 
holds, then (k - 1) n + 1 E B(k, X). 
Proof. By Lemma 11 (k - 1) ki E GD(k, 1, k - 1) for every ki E K, 
and by Lemma 13 (k - 1) n E GD(k, A, k - 1). It remains to use 
Lemma 10. 
DEFINITION 4. LetK={k,:i= I,2 ,..., d}andM={mi:j= 1,2 ,..., e} 
be finite sets of positive integers and let a set E of u elements be partitioned 
into disjoint groups having mi E M elements each. A pairwise group 
divisible design GD[K, A, M; V] is an arrangement of the elements of E 
into blocks having ki E K elements each such that each block intersects 
every group in at most one element and that every pair of elements of 
distinct groups occurs in exactly X blocks. 
The set of integers u, for which pairwise group divisible designs 
GD[K, h, M; v] exist, will be denoted GD(K, A, M). 
We shall use pairwise group divisible designs with A = 1 only and 
accordingly the following lemmas are given for h = 1. Most of them can be 
easily generalized for arbitrary A. 
LEMMA 15. For every mj E M and for every K, mj E GD(K, 1, M). 
LEMMA 16. If M’ C Mand K’ C K, then GD(K’, 1, M’) C GD(K, 1, M). 
LEMMA 17. If u E GD(K, 1, M’) and if for every 
mj’ E M’ mj’ E GD(K, 1, M) 
holds, then v E GD(K, 1, M>. 
Lemmas 18 and 19 are easy generalizations of Lemmas 7 and 8. 
LEMMA 18. If v E GD(K, 1, M) holds, then v E B(K u M, 1). 
LEMMA 19. Ifv E GD(K, 1, M) holds, then ZI + 1 E B(K u (M + l), l), 
where 
M+ 1 ={mj+ 1 :mjEM}. 
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LEMMA 20. Let E = 0 or 1. If n E GD(T, 1, S) holds and if for every 
ti E T mt, E GD(k, A, m) and for every sj ES msj + E E B(k, A) hold, then 
mn + E E B(k, A). 
Proof. Let a set E of n groups, having m elements each, be given (we 
shall call these groups m-groups). In the case that E = 1 we shall consider 
also an additional element (co). On the set E form a pairwise group 
divisible design 
GD[T, 1, S; n]. (ii) 
Each block of this design has some te E T m-groups as elements. On these 
m-groups we form a group divisible design GD[k, A, m; mtJ. Each group 
of design (ii) has some sj E S m-groups as elements. Form on the union of 
these m-groups and (if E = 1) the element (co) a BIBD B[k, A; msj + ~1. 
Performing these construction for every block and every group of (ii) a 
BIBD B[k, A; mn + C] is obtained. 
Lemmas 22 and 23 are direct consequences of Lemma 21, which is a 
slightly changed version of a known theorem by MacNeish [lo]: 
LEMMA 21. Let m = p;llp> **a p> be the factorization of m into powers 
of distinct primes. If pZ > k - 1, i = 1, 2 ,..., r, then mk E GD(k, 1, m). 
Proof. The proof is given by induction on r. If r = 1, m is a power of a 
prime and by Galois (see, e.g., [3]) there exists a projective plane of order 
m, PG(2, m), which is equivalent to a group divisible design 
GD[m + 1, 1, m; m(m + I)]. 
Deleting from this design m + 1 - k groups, GD[k, 1, m; mk] is obtained. 
Suppose now that group divisible designs GD[k, 1, m’; m’k] and 
GD[k, 1, m”; m”k] exist. We form a group divisible design 
GD[k, 1, m’m”; m’m”k] 
as follows: Let (J i) be the j-th element in the i-th group of a group 
divisible design. For every block 
{(ai ; i) : i = 1, 2 ,..., k}, ai E (0, I,..., m’ - I} of GD[k, 1, m’; m’k] 
and every block 
{(b, ; i) : i = I,2 ,..., k}, bi E (0, l,..., m” - l} of GD[k, 1, m”; m”k] 
construct the block 
{(aim” + bi ; i) : i = 1,2 ,..., k}. 
These blocks form the required group divisible design. 
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LEMMA 22. Let m = p:lp% a*. pe be the factorization of m into powers 
of distinct primes and let E = 0 or 1. If p? > k - 1, i = 1,2,... r and 
m + E E B(k, A) and n E B(k, A) hold, then mn + E E B(k, A). If h = 1 the 
lemma holds also for E = k. 
Proof. By Lemma 13 (K = {k), Y = 1) and by Lemma 21, 
mn E GD(k, h, m). 
Adjoin to the design GD[k, h, m; mn] the BIBDS’s B[k, h; m + C] formed 
on each of the groups. In the case that h = 1 and E = k, these BIBD’s 
are to be constructed in such away that the k additional elements form a 
block in each of the BIBD’s and this block is to be taken once only. 
LEMMA 23. Let s = ppp2 *** pp be the factorization of s into powers of 
distinct primes. Ifp;~ > t, i = 1, 2 ,..., r then for every integers 0 < s’ < s 
ts + s’ E GD({t, t + l}, 1, {s, s’}). 
Proof. By Lemma 13 there exists a block divisible design 
GD[t + 1, 1, s; s(t + l)]. 
Delete s - s’ elements from one of the groups. 
3. PAIRWISE GROUP DIVISIBLE DESIGNS 
LEMMA 24. For every integer u > 580 ZJ E GD({5,6}, 1, {s, s’}) holds, 
where s = O(mod 5) and 5 < s’ < s < 580. 
Proof. Lemma 17 enables us to prove the lemma by induction. It 
suffices namely to show that, for every u 3 580, u E GD({5,6}, 1, {s, s’)} 
with s = O(mod 5) and 5 < s’ < s ‘< u/5. This is proved by Lemma 23 
with t = 5 as specified in Table 1. 
TABLE 1 
I.4 s sJ 11 s s’ 
580-690 115 u-575 
691-810 135 u-675 
81 l-960 160 u-800 
961-1110 185 u - 925 
1111-1290 215 u - 1075 
1291-1470 245 u - 1225 
1471-1680 280 u - 1400 
1681-2010 335 u - 1675 
2011-2400 400 u-2000 
2401-2850 475 u - 2375 
2851-3390 565 u - 2825 
3391-4050 675 u - 3375 
4051-4830 805 u - 4025 
4831-5790 965 u - 4825 
5791-6870 1145 u - 5725 
6871-8160 1360 u-6800 
8161-9750 1625 u - 8125 
9751-10804 1945 u - 9725 
u > 10804 s = (u-s’)/5 s’ = u(mod 1800) 
5 < s’ < 1804 
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LEMMA 25. For every positive integer u = 0 or I(mod 5) 
u E GW% 61, 1, &I, 
where 
S, = {I, 5, 6, 10, 11, 15, 16,20,21, 31, 35, 36,40,41,45,46, 50, 51,70, 71, 
75, 76, 100, 101, 105, 106, 110, 111, 115, 116, 120, 121, 151, 271). 
Proof. By Lemma 24 and Lemma 17 we may assume that u < 580. 
Apply Lemma 23 (t = 5) and Lemma 17 to Table 2. The meaning of s 
and s’ in Table 2 is that of Lemma 23. 
TABLE 2 
II s s’ u s s’ 
25-30 5 u - 25 241-270 45 u - 225 
55-66 11 u - 55 275-330 55 u - 275 
8&96 16 u - 80 331-390 65 u - 325 
125-150 25 u - 125 391-426 71 u - 355 
155-186 31 u - 155 43&510 85 u - 425 
190-210 35 u - 175 51 l-576 101 u - 505 
21 l-240 40 u-200 
LEMMA 26. For every positive integer u = 0 or 2(mod 5), u # 7, 
u E GD({5,6}, 1, SJ, where 
S, = (2, 5, 10, 12, 15, 17, 20, 22, 32, 35, 37, 40,42, 45, 47, 50, 52, 55, 57, 
60, 62, 65, 67, 70, 72, 75, 77, 80, 82, 92, 105, 107, 110, 112, 115, 
117, 120, 122, 132, 167, 332). 
Proof. Similar to the proof of Lemma 25, but reference is made to 
Table 3. 
TABLE 3 
I4 S S’ U S S’ 
25-30 
85-90 
95-102 I 
125-130 
135-150 I 
152-l 62 
165 
170-192 I 
195-222 
5 u - 25 225-240 40 u-200 
17 85 
242-270 45 u - 225 
u - 
272-282 47 u - 235 
25 
285-330 55 u - 275 
u - 125 
335-390 65 u - 325 
27 u - 135 392432 72 u-360 
32 u- 160 
435-510 85 u - 425 
512-577 97 u - 485 
37 u- 185 
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LEMMA 27. For every integer u > 2 u E GD({5,6}, 1, S,), where 
s, = (2, 3,..., 24,26, 31, 32,33, 34, 36, 56, 79, 81, 116). 
Proof. Similar to the proof of Lemma 25, but reference is made to 
Table 4. 
TABLE 4 
u s ST u s d 
25 
27-30 I 
35 
37-42 1 
4348 
49-54 
55 
57-66 I 
67-78 
80 
82-96 I 
97-l 14 
115 
117-138 I 
5 
7 IA - 35 
8 11 - 40 
9 u - 45 
11 u - 55 
13 u - 65 
16 u - 80 
19 u - 95 
23 II- 115 
u - 25 
139-150 25 u- 125 
151-174 29 u - 145 
175-192 32 u - 160 
193-222 37 u- 185 
223-258 43 u - 215 
259-294 49 u - 245 
295-336 56 u - 280 
337-390 65 u - 325 
391-462 77 u - 385 
463-546 91 u - 455 
547-579 101 u - 505 
TABLE 5 
U t S S’ U t S S’ 
25-26 
30 I 
5 5 
35-36 
4@-42 I 
5 7 
43 6 7 
45-48 5 8 
49 7 7 
5c-54 5 9 
55-56 5 11 
57 7 8 
59-63 6 9 
64-66 5 11 
u - 25 
u - 35 
1 
u - 40 
0 
u - 45 
u - 55 
1 
u - 54 
u - 55 
67 6 11 1 
68-72 7 9 u - 63 
73-78 5 13 u - 65 
79-81 8 9 u - 72 
82-88 7 11 ll - 77 
89-96 5 16 u - 80 
97-l 04 7 13 u - 91 
105-l 14 5 19 u - 95 
115-119 6 17 u - 102 
120-138 5 23 u - 115 
u> 139 5 See Table 4 
582a/rz/2-3 
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LEMMA 28. For integer u > every 5 u E GD((5, 6, 7, 8,9}, 1, SJ, where 
S, = (1, 5, 6, 7 ,..., 24, 27, 28,29, 31, 32, 33, 34, 37, 38, 39, 44, 58). 
Proof. By Lemma 24 and Lemma 17 we may assume that u < 580. 
Apply Lemma 23 and Lemma 17 to Table 5. The meaning of t, s, and s’ 
in Table 5 is that of Lemma 23. 
4. AUXILIARY DESIGNS 
Let q = p”, where p is a prime and v a positive integer. By Galois 
(see, e.g., [3]) there exists a field GF(q) of q elements, and an element 
x E GF(q) called a generator of GF(q) such that 
w  : r = 0, I,..., q - 2) u (0) = GF(q). 
LEMMA 29. rfq is apower of a prime, then q E B(5,20). 
Proof [l]. Form the blocks 
v4 x”, x”+l, x=+~, x”+~) mod q, a = 0, l)...) q - 2. 
LEMMA 30. If q is a power of an oddprime, then q E B(5, 10). 
Proof [l]. Let d = (q - 1)/2. Form the blocks 
(0, x@, xa+l, x~+~, ~~+~+l} mod q, a = 0, l,..., d - 1. 
LEMMA 31. If q = l(mod 4) is a power of a prime, then q E B(5, 5). 
Proof [I]. Let d = (q - 1)/4. From the blocks 
(0, xa, x&+~, x~+~~, x”+~~} mod q, a = 0, l,..., d - 1. 
LEMMA 32. If q = l(mod 10) is a power of a prime, then q E B(5,2). 
Proof [I]. Let d = (q - l)/lO. From the blocks 
{x”, x~+~~, x”+~~, xatBd, xafsd) mod q, a = 0, l,..., d - 1. 
LEMMA 33. Zf q is a power of an odd prime, then 5q E GD(5,2,5) and 
5q E B(5,2). 
Proof. Denote by (j; a) the j-th element of the a-th group where 
j = 0, 1, 2, 3,4, a E GF(q), and let d = (q - 1)/2. GD[5, 2, 5; 5q] is 
formed by the blocks ((0; 0), (2; x”), (2; x~+~), (3; ~fl), (3; ~+~+l)} 
mod(5; q), 01 = 0, l,..., d - 1. 5q E B(5, 2) follows by Lemma 9. 
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LEMMA 34. Ifq E 1 (mod 4) is apower of aprime, then 5q E GD(5, 1,5) 
and 5q E B(5, 1). 
Proof. Let d = (q - 1)/4. GD[5, 1,5; 5q] is formed by the blocks 
((0; O), (2; x”), (2; x~+~~), (3; x~+~), (3; x”+~), (3; x~+~~)} mod(5; q), 
a = 0,l ,..., d - 1. 
5q E B(5, 1) follows by Lemma 9. 
LEMMA 35. Ifq is apower of an oddprime then 2q E GD(5, 10,2). 
Proof. Let d = (q - 1)/2. GD[5, 10,2; 2q] is formed by the blocks 
((0; 0), (0; xDL), (0; x~+~), (1; x”+l), (1; x~+“+~)) mod(2; q), 
a = 0, I,..., d - 1; 
((0; xa), (0; x”+l), (0; x”+~), (0; ~~+~+l), (1; 0)) mod(2; q), 
a = 0, l,..., d - 1. 
LEMMA 36. If q is a power of an odd prime then 4q E GD(5,5,4). 
Proof. Let x be a generator of GF(q) and y be a generator of GF(4) 
further let d = (q - 1)/2. GD[5, 5,4; 4q] is formed by the blocks 
((0; 0), (Y’; x9, (y”; x~+~), (yl; xa+l), (yl; xafd+l)} mod(4; q), 
a = 0, I,..., d - 1; 
((O;O), (0; x9, (0; x~+~), (y”; xerfl), (yl; ~~+~+l)} mod(4; q), 
a = 0, l,..., d - 1. 
LEMMA 37. There exist group divisible designs GD[5, 1,4; 201 and 
GD[5, 1,4; 241. 
Proof. GD[5, 1, 4; 201 exists by Lemma 21 (k = 5, m = 4). To prove 
the existence of GD[5, 1,4; 241 note that 25 E B(5, 1) by Lemma 21 
(Ic = m = 5) and Lemma 9. By Lemma 11 follows 24 E GD (5, 1, 4). 
LEMMA 38. There exist group divisible designs GD[5,2,2; lo] and 
GD[5,2, 2; 121. 
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Proof. Denote by (j; i) thej-th element of the i-th group. For 
GD[5,2,2; IO] let j = 0, 1; i = 0, I, 2, 3, 00. The blocks are 
((0; a>, (0; O), (0; 11, (1; 2), (1; 3)) mW-; 4); 
{( 1; a), (“A 01, (A 11, (.A 2), (A 3% j= 0,l; 
((1; 001, CL O), (A 21, (I- + 1; 11, (j + 1; 31t, j = 0, 1. 
For GD[5, 2,2; 121 let j = 0, 1; i = 0, 1, 2, 3,4, co. The blocks are 
((0; co>, (0; 11, (0; 4), (1; 21, (1; 3)) mod(2; 5); 
W; Oh (0; 11, (0; 21, (0; 41, (0; 3)) mod(2; ->. 
5. THE MAIN THEOREM 
THEOREM 2. Zf v = 1 or S(mod 20), then v E B(5, 1) holds. 
Proof. Write v as v = 4u + 1 where u = 0 or I(mod 5). By Lemma 25 
u E GD((5, 6}, 1, S,). By Lemma 20 (k = 5, rn = 4, IZ = U, S = S, , 
T = (5, 6}, x = 1, E = 1) and Lemma 37 the the theorem will be proved 
ifitisshownthat4s+l~B(5,1)foreverys~S,.Fors=6,11,16,21, 
31, 36,46, 51, 76, 101, 111, 121, 151 we have v = 25,45, 65, 85, 125, 145, 
185, 205, 305, 405, 445, 485, and 605, respectively, and v E B(5, 1) by 
Lemma 34. For other values of s the solution is given in Table 6. 
TABLE 6 
s V Solution 8[5, 1; v] 
1 5 Trivial. 
5 21 Lemma22(k=5,m=4,n=5,X=l,~=l). 
10 41 Blocks: {62a 6za+8 6za+16, 62a+24, 62a+32} mod 41, n = 0, 1. , 
15 61 Blocks: {22e: 22e+12, 22=+24, 22”+38, 22=+*8} mod 61, (Y = 0, 1,2. 
20 81 Blocks: (xw, x@+*~, xP+~~, xut4*, x@tC4} mod 81, = 0, 1,4, 5. p 
35 141 Blocks: {ho 0, 01, (+,I 2, 3’9, @,,z 2, 32u+3), (up.3 3, 32=+1), , , , , 
(u~,~, 3, 32a+4)) mod(-, 5, 7), oi = 0, 1, 2, p = 0, l,..., 7; 
the values of up,” are 
P 0 1 2 3 4 5 6 7 
ii 1 0 2 1 3 0 2 3 
1 0 2 1 3 1 3 2 0 
2 1 3200213 
3 0 0 1 1 2 2 3 3 
4 0 2 132031 
Further on each of the sets {(co), (i,j, h) : i = 0, 1,2, 3,j = 0, 1,2, 3,4}, 
h = 0, l,..., 6 form B[5, 1; 211 (this table v = 21). 
Table continued 
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TABLE 6 (continued) 
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s V Solution B[5,1; v] 
40 161 
41 165 
45 181 
50 201 
70 281 
71 285 
75 301 
100 401 
105 421 
106 425 
110 441 
115 461 
116 465 
120 
271 
481 
1085 
Blo&: W, O), t&2), (0, g), (0,9X (0,13)] mod (7,23); 
W, 1% (0, 13), (LO), (2, Oh (4, ON mod (7,W; 
((0, O), (32u, 5Y3), (32=+l, 5Wf4), (32a+4, 5w+s), (32a+3, 5”8+‘2)} 
mod(7,23),or=0,1,2,/3=0,1. 
Lemma 14 (k = 5, K = {5}, n = 41, X = 1) and this table v  = 41 and 
v  = 21. 
Lemma 14 (n = 45), 45 E B(5, 1) by Lemma 34, and this table v  = 21. 
Lemma22(k = 5,m = 40,n = 5,h = 1,~ = l)andthistablev=41. 
Blocks: {3Za, 32a+56, 320+112, 32m+108, 33*+224} mod 281, 01 = 0, I,..., 13. 
Lemma 22 (m = 56, II = 5, h = 1, E = 5) and this table v  = 61. 
By this table v  = 61, B[5, 1; 611 exists and by Lemma 11, 60 E GD(5, 
1,4). Use Lemma 20 (m = 5, n = 60, S = (9, T = {5}, E = l), 
further Lemma 21 (k = m = 5) and this table v  = 21. 
Lemma22(k = 5,m = 80,n = 5,h = 1,~ = 1)andthistablev = 81. 
Lemma 14 (k = 5, K = {5}, n = 105, X = 1). this table v  = 21, 
105 E B(5, 1) by Table 2, u = 26. 
Lemma 22 (k = 5, m = 85, n = 5, h = 1, l = 0). 
By Lemma 23 (S = 11, s’ = 0, t = 10) and Lemma 18,110 E B({lO, ll}, 
1). Use Lemma 14 (k = 5, K = (10, ll}, n = 110, X = 1) and this 
table v  = 41, and 45 E B(5,l) by Lemma 34. 
By Lemma 23 (S = 11, s’ = 5, I = 10) and Lemma 18, 115 E B({5,10, 
ll}, 1). Use Lemma 14 (k = 5, K = (5, 10, ll}, n = 115, X = 1) 
and this table v  = 21 and v  = 41, and 45 E B(5,l) by Lemma 34. 
By Lemma 23 (S = 11, s’ = 6, i = 10) and Lemma 18,116 E B({6,10, 
ll}, 1). Use Lemma 14, this table v  = 41, and 25 E B(5, 1) and 
45 E B(5,l) by Lemma 34. 
By Lemma 23 (S = 11, s’ = 10, t = 10) and Lemma 18, 120 E B({lO, 
ll}, 1). Use Lemma 14, this table v  = 41, and 45 E B(5, 1) by 
Lemma 34. 
Lemma 22 (k = 5, m = 216, n = 5, X = 1, E = 5); 221 E B(5,l) 
By Table 2, u = 55. 
THEOREM 3. If u = 1 or S(mod lo), and v # 15, then v E B(5,2) holds. 
Proof. Write v as v = 2u + 1 where u = 0 or 2(mod 5) and u # 7. 
By Lemma 26, u E GD((5, 6), 1, S,). By Lemma 20 (k = 5, m = 2,n = U, 
S = S, , T = {5,6}, h = 2, E = 1) and Lemma 38 the theorem will be 
proved if it is shown that 2s + I E B(5,2) for every s ES, . If s 3 0 or 
2(mod 10) this is proved already-by Lemma 3-m Theorem 2. For 
s = 5, 15, 35, 65, 75, 105, we have v = 11, 31, 71, 131, 151, and 211, 
respectively, and v E B(5, 2) by Lemma 32. For s = 17, 47, 57, 67, 77, 
107, 117,167 we have v = 35,95,115,135, 155,215,235, and 335, respec- 
tively, and u E B(5, 2) by Lemma 33. For other values of s E S, the 
construction of B[5,2; v] is given in Table 7. 
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TABLE 7 
s 
37 
45 
55 
115 
” 
7.5 
91 
111 
231 
Solution B[5, 2; u] 
___-- --- 
Form GD[5,2,5; 751 with blocks 
{(O; 01, (1; 29, (1; -2% (2; 2~+~), (3; -2a+r) mod(5; 15), a = 0, 
1,2,3; 
{(O;O), (2; 3.28), (2; 3.2pca), (3;5), (3; 10)) mod(5; 15), p = 0,l; 
I@; 11, (0; 2), (0; 4), (0; 81, (2, 0) mod (5; 15); 
further use Lemma 9. 
Lemma 2O(k = 5, m = 2,n = 45,s = T = {5}, X = 2, h = 1);use 
Lemma 34 (q = 9), Lemma 38, and 11 E B(5,2) by Lemma 32. 
Blocks: {(O, 2a+4), (0, 2*+rS), (0, 2”+28), (1, 0), (2,0)} mod(3,37), OL = 0,l; 
{(O, 2@@+7, (0, 2BB+*), (0, 28@+1D), (0, 26p+e3, (l,O)} mod(3, 37), 
j3=0,1,2; 
{(O, O), (1, 25r), (1, 23~+18), (2, 2v+3), (2, 2Sy+a1)} mod(3, 37), 
y = 0, 1 ,..., 5. 
Lemma22(k=5,m=11,n=21,h==2,~=O);useTable6,a=2l, 
and 11 E B(5,2) by Lemma 32. 
THEOREM 4. If v = l(mod 4), then u E B(5, 5) holds. 
Proof. Write u as D = 424 + 1 where u is any positive integer. For u = 1 
the theorem is evident. If u 3 2 then by Lemma 27, u E GD({5,6], I, S,). 
By Lemma 20 (k = 5, m = 4, n = u, S = S, , T = {5,6), X = 5, E = 1) 
and Lemma 37 the theorem will be proved if it is shown that 
4s + 1 E B(5, 5) for SE&. 
If s = 0 or l(mod 5) this is proved-by Lemma 3-in Theorem 2. For 
s = 2, 3,4, 7, 9, 12, 13, 18, 22,24, 34, 79 we have v = 9, 13, 17, 29, 37, 
49,53,73,89,97, 137, and 317, respectively, and v E B(5, 5) by Lemma 31. 
For s = 17, 19,23 follows v = 69,77, and 93, respectively, and v E B(5, 5) 
by Lemmas 36 and 10. For other values of s E S, the solution is given in 
Table 8. 
THEOREM 5. If u = l(mod 2) and v > 5, then v E B(5, 10) holds. 
Proof. Write v as v = 2u + 1 where u > 2. By Lemma 27 
u E GD({5,61, 1, &I. 
By Lemma 20 (k = 5, m = 2, n = u, S = S, , T = (5,6}, A = 10, E = 1) 
and Lemma 38 the theorem will be proved if it is shown that 
2s + 1 E B(5, 10) for SE&. 
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TABLE 8 
5 V Solution B[5, 5; v] 
8 33 
14 57 
32 129 
33 133 
Blocks: HO, O), @,2), (0,6), (LO), (2, ON mod (3, 11); 
{(O, 4), (1, 01, (1, 0, (2, 01, (2, 1)) mod@, 11); 
NO, 0, C&4), (0, 51, (0, 9, (0, 7)) mod@, 11); 
((0, 0), (1, 2=), (1, Zar+% (2, Z”+l), (2, 2a+6)} mod(3, ll), (I = 0, 
1, 2, 3, 4. 
Blocks: NO, Oh (0, 2), (0, 14), (0, 3), (1, ON mod@, 1% 
((0, 23, (0, Za+‘), (0, Za+I*), (1, 0), (2, 0)} mod(3, 19), 01 = 0, 
1, 2, 3; 
{(O, 28), (0, St*), (0, 2B+'3, (1, Z3sf*y-3, (2, ZSB+6~+5)} mod(3, 
19), B = 0, 1, 2, y  = 0, 1, 2. 
Form B[{5, 6}, 5; 321 with blocks: {to, 26, 13, 22, 11, 21) mod 31; 
(1, 27, 25, 24, 5, ll} mod 31; {3a, 301+~, 3a+le, 3=+r8, 3a+a3 mod 31, 
(Y = 0, 1,2,3,4; use Lemma 13 (k = 5, m = 4, n = 32, K = (5, 6), 
A’ = 5, A” = 1) and Lemma 37; thus is obtained GD[5,5,4; 1281; 
apply Lemma 10. 
Lemma 14 (k = 5, n = 33, K = {5}, X = 5) and this table v  = 33. 
If s = O(mod 2) this is proved-by Lemma 3-in Theorem 4, and if 
s = 0 or 2(mod 5), and s # 7 this is proved in Theorem 3. For s = 3,9, 
11, 13, 21, 23, 33, 81 follows u = 7, 19, 23, 27, 43, 47, 67, and 163, re- 
spectively, and u E B(5, 10) by Lemma 30. For other values of s ES, the 
solution is given in Table 9. 
TABLE 9 
s V Solution B[5, 10; v] 
7 15 
19 39 
31 63 
79 159 
Blocks: NO, I), (0,2), t&4), (0, 3), (LO)} modO, 5); 
I@, (9, (0, 11, (0, 4), (1, 0, (1, 4)) moW, 5); 
NO, O), (1, 0, (1, 4), (2, 2), (2, 3)) mod(f, 5); 
{(O, O), (1, Za), (1, Za+% (2, 2% (2, 2=+3} mod(3,5) 01 = 0, 1, 
2, 3. 
Blocks: {(0, Za), (0, 2a+4), (0, Za+3, (LO), (2,0)} mod (3, 13), a = 0, 1, 
2, 3; 
((0, 0), (0, Z2s), (0, 2@+3, (1, Z2fl), (1, ZzBte)j mod(3, 13), 
/9 = 0, 1, 2; 
((0, Zv), (0, 2y+r), (0, Zy+*), (1, 2ytz), (2, Zv+“)} mod(3, 13), 
y  = 0, l,..., 11. 
Lemma 22 (k = 5, m = 7, n = 9, X = 10, E = 0) and Lemma 30 
Gl = 7, 9. 
By Lemma 21, GD[7, 1, 13; 911 exists. Delete 6 elements from each 
of 2 columns; the remaining-partially truncated-blocks, give 
GD[{5,6,7}, 1, {7,13}; 791; use Lemma 20 (k = 5,m = 2, n = 79, 
S = (7, 131, T = {S, 6, 7}, h = 10, E = l), Lemma 38, Lemma 35, 
this table v  = 15, and 27 E B(5,lO) by Lemma 30. 
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THEOREM 6. If v = 0 or l(mod 5), then v E B(5,4) holds. 
Proof. By Lemma 25, v E GD((5, 61, 1, S,), and by Lemma 18, 
u E B(S, u (5, 6}, 1) = B(S, , 1). By Lemma 5 the theorem will be proved 
if it is shown that v E B(5,4) for o ES, . For u = I or S(mod lo), u # 15 
this is proved in Theorem 3. For other values of v ES, the solution is 
given in Table 10. 
TABLE 10 
V Solution B[5,4; v] 
-.-___ 
6 
10 
1.5 
16 
20 
36 
40 
46 
50 
70 
76 
100 
106 
110 
116 
120 
Blocks: (0, 1, 2, 3, 4) mod 6. 
Blocks: {to, 0, 1,2,5} mod 9; {0, 2, 3,4,6} mod 9. 
Blocks: {(co, 0), (co, l), (co, 2), (co, 3), (co, 4)}, 2 times; 
i(w, Oh (0, O), (0, 29, (0, 2a+2), (1, ON mo42,5), a = 0, 1; 
{(cc, 2"), (co, 2m+2), (0, 0), (1, 2-+l), (1, 2a+3)} mod(2, 5), oi = 0, 1. 
Blocks: {xoL, xa+q x”+@, x-+9, x”+lp} mod 16, OL = 0, 1, 2. 
Blocks: {co, 0, 1, 7, 11) mod 19; 
{2sa, 2Bm+2, 26a+4, 2Ba+B, 2B=+8} mod 19, a = 0, 1, 2. 
By Lemma 33 and Lemma 6, 35 E GD(5, 4,5); use Lemma 12 and this table 
v  = 6. 
Blocks: {(O, 0), (1, 0), (2, 0), (3, 0), (4, 0)} mod(-, 8), 4 times; 
{(0, 0), (2, xa), (2, xatl), (3, x-+~), (3, x*+~)} mod@, 8), a = 0, l,..., 6. 
Lemma 22 (k = 5, m = 9, n = 5, h = 4, E = 1) and this table v  = 10. 
By Lemma 23,49 E GD({5,6}, 1,{9,4}) and by Lemma 19,50 E B({S, 6, lo}, 1); 
use Lemma 5 (k = 5, v  = 50, K = {5,6, lo}, h = 4) and this table v  = 6 
and v  = 10. 
Blocks: W, ~1, (0, O), (0, 0, (0, 3), (0, 9)) mod (5, 13); 
W, Oh (LO), (2, O), (3, 01, (4, 0)) mod(--, 13), 4 times; 
{CO, WI, (1, a), (2, w>, (3, ~1, (4, CON, 4 times 
{(0, co), (1, 0), (2, 23a), (3, 23a+4), (4, 23u+B)} mod (5,13), LY = 0, 1,2, 3; 
((0, 0), (2, 2a), (2, 2-+O), (3, 2*+s), (3, 2atr’)} mod(5, 13) 3 times, 
a = 0, 1, 2. 
By Table 7 (v = 75) and Lemma 6,75 E GD(5,4, 5) and by Lemma 12 and 
this table v  = 6, 76 E B(5, 4). 
100 E GD(5, 4, 5) by Lemma 13 (k = 5, m = 5, n = 20, K = {5}, A' = 4, 
x” = l), Lemma 22 (/c = m = n = 5, h = 1, l = 0) and this table 
v  = 20; further apply Lemma 9. 
105 E GD(5,1,5) by Lemma 13 (k = 5, m = 5, n = 21, K = {5}, A' = A" = l), 
Lemma14(k=m=n=5,X=1,~=0)andTable6,v=2l;use 
Lemma 12 and this table v  = 6. 
By Lemma 23, 110 E GD(l0, 1, 11) and by Lemma 7, 110 E B({lO, ll}, 1); 
use Lemma 5, 11 E B(5,2) by Theorem 3, and this table v  = 10. 
By Lemma 23, 116 E GD((l0, ll}, 1, {11, 6}) and by Lemma 18, 
116 E B({6, 10, ll}, 1); use Lemma 5, 11 E B(5, 2) by Theorem 3, and 
this table v  = 6 and v  = 10. 
By Lemma 23, 120 E GD({lO, ll}, 1, (11, 10)) and by Lemma 18, 
120 E B((10, ll}, 1); use Lemma 5, 11 E B(5, 2) by Theorem 3, and 
this table v  = 10. 
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THEOREM 7. If v 3 5, then v E B(5,20) holds. 
Proof. By Lemma 28, v E GD({5,6, 7, 8,9}, 1, S,) and by Lemma 18, 
v E B(& u (5, 6, 7, 8, 9}, 1) = B(& , 1). By Lemma 5 the theorem will be 
TABLE 11 
V Solution B[5, 20; v] 
8 
12 
14 
18 
22 
24 
28 
32 
34 
38 
44 
58 
Lemma 29. 
Blocks: {co, 2a, 2*+l, 2=+5, 2a+6} mod 11, oi = 0, 1, 2, 3, 4; 
{l, 4, 5, 9, 3) mod 11, 7 times. 
Blocks: {co, 0, 1, 3, 9} mod 13, 5 times; 
(0 2-, 2=t3, 2a+B, 2=+#} mod 13, 01 = 0, 1 ,..., 8. 
Blocks: {O: 13, 11, 16, 7) mod 17; 
{co, 320r, 3*~+~, 32a+4, 32a+7} mod 17, pi = 0, 1, 2, 3, 4; 
{0, 38, 3@+*, 3s+*, 3s+12} mod 17, /3 = 0, l,..., 11. 
Blocks: {co, 0, 1,4, 16) mod 21; {m, 1, 4, 16, 14) mod 21; 
{co 0 14, 4a 4%+‘} mod 21, 01 = 0, 1, 2; 
(0, ;, ‘4, 16, ;4} mod 21, 17 times. 
Blocks: {co, 0, 1, 7, 14) mod 23; {to, 0, 1, 5, 19) mod 23; 
{co, 0, 2, 5, 16) mod 23; {ca, 0, 1, 12, 14) mod 23, 2 times; 
{O, 5=, 5a+l, 5a+2, 5a+3} mod 23, pi = 0, l,..., 18. 
Blocks: {(0, l), (0, 2), (0, 4), (1, 0), (3, 0)} mod (4, 7), 3 times; 
W, 01, (0, I), C&2), (0,4), (P, 011 mod (4,7), II = L2, 3; 
NO, 3% (0, 3~+?, (1, 01, (2, 01, (3, 011 mod(4, 7), a = 0, I,..., 5; 
{(O, 3a), (0, 3at2), (0, 3m+l), (1, 0), (2, 0)) mod (4, 7), CY = 0, l,..., 5; 
{(O, 0), (1, 32s), (2, 3*s+2), (2, 3*st3), (3, 32s+s)} mod (4,7), p = O,l,..., 8. 
Lemma 29. 
Blocks: W, Oh @,2), (0,4), (0, 7), (0, 8)) mod (2, 17); 
HO, 01, (0, 11, (0, 4), (0, 7), (0, 9)] mod (2, 17); 
{(0, 0), (0, 3*), (0, 3u+*), (1, 3a+“), (1, 3”+12)} mod (2, 17), (Y = 0, l,..., 7; 
{(O, O), (0, 3~), (0, 3a+8), (1, 0), (1, 3=+‘)} mod (2, 17), OL = 0, l,..., 7; 
{(O, 3”), (0, 3a+4), (0, 3~+~), (0, 3=+12), (1, 0)} mod (2, 17), a = 0, l,..., 7; 
{(O, 0), (0, 3@), (0, 3pt4), (I, 3@+O), (1, 3”+16)} mod (2, 17), p = 1, 2, 3, 
5, 6; 
{(O, O), (0, 3y), (0, 3~+~), (1, 0), (1, 3y+15)} mod (2, 17), Y = 0, 4. 
By Lemma 21, GD[7, 1, 7; 491 exists; delete one group and one block and 
their elements but leaving on each of them one element which is not on 
their intersection ; form blocks of the remaining-partially truncated- 
groups; the obtained design is pairwise balanced design B[{5,6,7}, 1; 381; 
use Lemma 5,7 E B(5, 10) by Theorem 5, and 6 E B(5,4) by Theorem 6. 
By Lemma 21, GD[7, 1, 7; 491 exists; form blocks of the groups and delete 5 
elements no 3 of which are in the same block; we obtain B[{5,6,7}, 1; 441; 
use Lemma 5, 7 E B(5, 10) by Theorem 5, and 6 E B(5,4) by Theorem 6. 
By Lemma 21, GD[8, 1, 8; 641 exists; form blocks of the groups and delete 3 
elements from each of two groups; we obtain B[{5, 6, 7, 8}, 1; 581; use 
Lemma 5, 7 E B(5, 10) by Theorem 5, 6 E B(5, 4) by Theorem 6, and this 
table v  = 8. 
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proved if it is shown that u E B(5,20) for v E S,, . For t’ - l(mod 2) this is 
proved in Theorem 5 and for u = 0 or 1 (mod 5)-in Theorem 6. For other 
values of a E S, the solution is given in Table 11. 
LEMMA 39. VA = O(mod 2) and h > 2, then 15 E B(5, A) holds. 
Proof. For h = 4 see Table 10, v = 15. For h = 6 we prove 15 E B(5,6) 
by forming the blocks 
{(O, O), 642% (0,2~+~), (1, 01, (2, ON mod(3, 5) cu=O,l; 
W, 01, (1,2% (L2ar+2), (2,2~+% (2, 2”+3)) modO, 5), ol=O,l; 
HO, 01, (0, 11, (0,2), C&4), (0,3)) mod(3, -1. 
If ZJ E B(k, h’) and u E B(k, A”) hold then clearly u E B(k, ah’ + bh”) for 
any non-negative integers a and b. On the other hand every even integer 
greater than 2 can be presented as a * 4 + b -6, which proves the lemma. 
THEOREM 8. Let X be a positive integer and v an integer v 3 5; then a 
necessary and sufficient condition for the existence of a BIBD B[5, A; v] 
other than B[5, 2; 151 is that 
h(u - 1) 3 O(mod 4) and XV(V - 1) = O(mod 20). (iii) 
Proof. The necessity follows from Theorem 1. In order to prove 
sufficiency we note that every h determines the values of a for which (iii) 
is satisfied. By Lemma 3 it suffices to consider only those values of h 
which are factors of 20 and we obtain 
for X=1, v = 1 or S(mod 20); 
for X = 2, ZI = 1 or S(mod 10); 
for h = 4, u = 0 or l(mod 5); 
for h = 5, u 3 1 (mod 4); 
for X=10, v = 1 (mod 2); 
for h = 20, every 0. 
In all these cases-with exception of X = 2, v = 15-the existence of 
BIBD’s is proved in Theorems 2, 3,6,4, 5, and 7, respectively. Considering 
Lemma 39, the theorem is proved completely. 
It has been proved by Hall and Connor [5,7] that the exceptional BIBD 
B[5,2; 151 does not exist. 
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